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ABSTRACT

A model for the tensorial dielectric permittivity of phospholipid membranes is presented here. The four-nanometer-thick membrane is treated
as a composite made up of three dielectric slabs: one for each of the two phospholipid head-group regions and one for the entire domain
spanned by the lipid tails. Equal and opposite bound surface charge densities surround each head-group slab and account for the membrane
dipole potential. Three-slab model parameters are obtained from molecular dynamics simulations and capture both the zero-field electric
potential and the membrane response to applied electric fields. The tail region is well-approximated as having vacuum permittivity, while the
head-group region is highly anisotropic due to the configurations of molecular dipoles. For the bilayers studied, the out-of-plane permittivity
of the head-group region is 10-15 times that of the vacuum, while the in-plane permittivity is an order of magnitude larger. Membrane
responses to applied electric fields up to 30 millivolts per nanometer are found to be in the linear regime. The model overcomes a fundamental
limitation of microscopic theories—where the out-of-plane permittivity lacks a meaningful continuum interpretation in the head-group
region due to large gradients in the local electric field—by averaging over slab widths, thereby introducing new length scales. Our approach
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can be extended to characterize interfacial systems with similar microscopic permittivities.
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INTRODUCTION

Cells and their internal organelles are surrounded by biological
membranes: two-dimensional structures that partition the various
electrolytic intracellular and extracellular compartments. Phospho-
lipid molecules, which consist of a hydrophilic head group bound
to two hydrophobic tails, are a major component of these mem-
branes and lead to their bilayer structure. Importantly, the oily
interior of the bilayer prevents the passage of charged species, and so,
electric potential differences are readily established across the mem-
brane. A wide array of biological phenomena rely on such potential
differences' * and the dielectric permittivity of the membrane is cen-
tral to their description. Prior experimental’® and theoretical’ "’
studies largely treat phospholipid membranes as a single slab with
scalar permittivity between two and five times the vacuum permit-
tivity €. Such an idealization, however, fails to account for three
features of the bilayer structure. First, the head group is significantly
more polarizable than the lipid tails."*'” Second, the dipole moment

of zwitterionic lipids is predominantly tangent to the membrane
surface,'® and so, the head-group region exhibits an anisotropic
polarization density.'””’ Finally, even when no external potential
is applied, the out-of-plane polarization density is nonzero [see
Fig. 1(c)]. As these observations have not yet been incorporated into
membrane theories, their effect on biological phenomena remains
unexplored.

In this Communication, we develop a model for the permit-
tivity of a zwitterionic phospholipid bilayer surrounded by water.
Microscopic features of membrane electrostatics are obtained from
all-atom molecular dynamics (MD) simulations via established sta-
tistical mechanical methods.'” The local, position-dependent per-
mittivity tensor is calculated in this manner. However, a local
permittivity is difficult to interpret macroscopically when there are
gradients in the intrinsic electric field over atomic length scales,
as is the case here. This issue is resolved by coarse-graining fine-
scale details and modeling the membrane as a composite material
made up of three slabs: one for the entire hydrophobic interior and
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FIG. 1. DPPC phospholipid bilayer under zero applied field, from MD simulations.
(a) Representative structure of phospholipid molecules in the upper leaflet, along
with nearby water molecules. Each molecule has an electric dipole moment, which
is separated into in-plane and out-of-plane components as m = m!l + m*e;. (b)
Probability distribution of [m| and |m'l| for phospholipid molecules. (c) Average
out-of-plane polarization density (P, )o of water, lipids, and the combined system.
While phospholipid dipoles in the top (resp. bottom) leaflet point up (resp. down),
intercalated water molecules are oriented in the opposite direction and dominate
the overall polarization density. The inset shows (P;)o for the system and the
three-slab model.

one each for the head-group region in the top and bottom leaflets
[see Fig. 2(a)]. The intrinsic polarization density from Fig. 1(c) is
accounted for with surface bound charge densities at slab bound-
aries, and the head-group regions are characterized by a tensorial
dielectric permittivity. The three-slab model captures the overall
membrane response to in-plane and out-of-plane electric fields, and
we additionally determine the field beyond which the membrane
response is nonlinear. We validate the model against MD simula-
tions of dipalmitoylphosphatidylcholine (DPPC) bilayers in the fluid
phase, with similar results for dioleoylphosphatidylcholine (DOPC)
membranes presented in the supplementary material.
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FIG. 2. Three-slab model parameterized with results from molecular simulations.
(@) Model parameters and geometry, as described in the text. (b) Zero-field electric
potential of a DPPC membrane as a function of distance z from the bilayer mid-
plane. Three-slab model parameters are chosen to match the MD dipole potential,
(¢(z=0))o — (¢(z = £/2) )0, where £ is the height of the MD unit cell.
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STATISTICAL MECHANICS AND ELECTROSTATICS

Following the seminal work of Stern and Feller,"” let T denote
the microstate of the membrane and water system—consisting
of all atomic positions and momenta. With the Hamiltonian
Ho(T) and polarization density P(r,T) at the position r € R?, the
canonical-ensemble-averaged polarization density (P(r))o is given
by

(P(r))O:fdr(e‘/”“P(r,r))/fdre‘ﬁ”ﬂ. (1)

Here and from now on, a subscript “0” indicates that no external
electric field is applied, and the inverse temperature 8 := (kp9)~"
for Boltzmann constant kg and absolute temperature 9. We take the
membrane to be fluctuating about the x-y plane, along which the
system is translationally invariant; then, ensemble-averaged quan-
tities depend only on the distance z from the bilayer midplane.
When a constant electric field E is applied, the Hamiltonian # (T, E)
:= Ho(T) - M(T) - E, where M(T) := [ drP(r,T) is the total dipole
moment of the system. If the field E is small, the change in
average polarization density (AP(z)); := (P(2))s — (P(2z))o can be
expressed as

(AP(2)); = y(2) E, )

with y(z) := B((P(2) ® M) — (P(2))o ® (M))."””" Since lipid
membranes in the fluid phase are additionally isotropic in-
plane, (Py)o=(Py)o=0 and y is diagonal with two indepen-
dent components—which we denote y!(z) := V. (2) =v,,(z) and

v*(z) := y,,(2). From the definition of y below Eq. (2), 1//” and y*
can be determined from MD simulations. Our task now is to connect
! and y* to the membrane dielectric permittivity tensor €, which
is also diagonal, with the two independent components ¢/ (z) and
e*(2).

By definition, for systems with an intrinsic polarization density,
the permittivity relates the changes in average polarization density
and average electric field as

(AP(2)); = (e(2) - eoI)(AE(z2)) 4 3)

where I is the identity tensor. In addition, for MD simulations of
a system with volume V, a constant electric field E entering the
Hamiltonian causes a change in the average field (AE); according to
Ref. 19,

@r@) - B+ (BN pr)) @

where e; is the unit vector along the z axis and (AM; ) is the change
in the z-component of the total dipole moment of the system.””
Combining Eqs. (2)-(4) yields a relation between y and e—although
it is nontrivial due to the local and average polarization densities
entering the right-hand side of Eq. (4). We now separately consider
the membrane response to in-plane and out-of-plane electric fields
to determine ¢/ (z) and e* (2).

To calculate 6”, let E be parallel to the membrane; we choose
E = Fe, without loss of generality. According to Eqs. (2)-(4),
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FIG. 3. Permittivity of a DPPC membrane. (a) The in-plane permittivity ¢!l (z) is
calculated from MD simulations via the linear response and fluctuation formulas
in Eq. (5). The two approaches agree for electric fields up to 30 mV/nm, beyond
which the system response is nonlinear (see the supplementary material). The
in-plane permittivity of the three-slab model (thin dashed line) captures essential
features of the MD result according to Eq. (9). (b) Reciprocal of the out-of-plane
permittivity e (z), as calculated from Eq. (7). In the head-group region, e* takes
macroscopically unphysical values (gray shading), for which 1/e* crosses zero.

(APx)p = (Py)p = 1//”E = (eH - eo)E, from which we obtain the two
relations, '’
(Px(2))g

l(z)=e+ —F and  €l(2)=e+yl(z). )
The first expression in Eq. (5) determines ¢! via linear response: an
in-plane electric field is applied in simulation and the polarization
density is measured. In doing so, care must be taken to ensure the
applied field is small, such that the response is indeed linear. In con-
trast, the second expression in Eq. (5) calculates el from equilibrium
fluctuations with no applied field. Figure 3(a) confirms that the two
methods agree for small £ and reveals the membrane response is lin-
ear for in-plane fields up to 30 mV/nm. The in-plane permittivity
in the head-group region is significantly larger than that in the lipid
tails,"”** which motivates subsequent development of the three-slab
model.

The out-of-plane permittivity is calculated via a similar proce-
dure. For an external electric field E = Ee,, we combine Egs. (2) and
(3) to obtain (AP,); = y*E = (¢* — &){AE;) ;. Substituting Eq. (4)
then yields'”

€0 (AP:(2))s

) =t A (2))s + (OML Y ©

and

ey (2)

v @) T )

e (z) =€+

where y* := [dry*(z)/V is the average value of y*(z). Equa-
tions (6) and (7) are the linear response and fluctuation formulas
for €', respectively. However, in calculating the out-of-plane per-
mittivity from MD data via Eq. (7), we find that 1/e* crosses
zero in the head-group region [see Fig. 3(b)]. Consequently, e’ is
unbounded and takes negative values—which, from a macroscopic
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perspective, is unphysical. We confirm via extensive MD simulations
(supplementary material) that such features are not statistical arti-
facts and are, in fact, experimentally relevant;** similar observations
were reported in simulations of water near surfaces,” ** including
lipid bilayers.”’

While e*(z) is meaningful as a local quantity, it cannot eas-
ily be related to the macroscopic response of the membrane. To
understand why, consider the continuum perspective, where the
permittivity is a macroscopic quantity. In such a description, a spa-
tially dependent permittivity relates, at each material point, the mean
polarization density and electric fields—averaged over a coarse-
graining volume in which the fields are assumed to not vary appre-
ciably. In the present scenario, however, there is no such separation
in length scales because (E;(z)) varies considerably over atomic
distances (supplementary material). Consequently, there is not a
straightforward relationship between €' (z) and the macroscopic
membrane response to an out-of-plane electric field.

THREE-SLAB MODEL

The coarse-grained behavior of a lipid membrane is not readily
obtained from the local permittivity tensor €(z) for the aforemen-
tioned reasons. However, Figs. 1-3 show that bilayer properties are
also far from uniform across the membrane thickness. A funda-
mental question thus remains: How can the macroscopic response
of a phospholipid bilayer to external electric fields be quantified?
We address this question by recognizing that membrane features
are qualitatively different within the head-group and tail regions,
and thus modeling the membrane as a composite material made
up of three uniform dielectric slabs [see Fig. 2(a)]. There is one
slab of thickness 8}, for each of the two head-group regions, while
a single slab of thickness 28; represents the entire tail region. With
our three-slab construction, microscopic features are averaged over
lengths larger than the atomic distances over which (E;(z)) varies
and smaller than the bilayer thickness—such that the out-of-plane
heterogeneity of the membrane is retained. We note that multi-slab
models were previously used to describe the permittivity of water
near solid surfaces.”" "

In the absence of an external electric field, a material comprised
of three dielectric slabs is unpolarized and at a constant electric
potential throughout. Both features are inconsistent with the MD
data shown in Figs. 1(c) and 2(b). We thus introduce an intrin-
sic, zero-field polarization density into the three-slab model. For
simplicity, the polarization density is constant and limited to the
head-group slab. It is captured by equal and opposite bound sur-
face charge densities of magnitude oy, on the faces of the head-group
slabs, as shown in Fig. 2(a). We take the permittivity of the tail slab
to be eI, as the MD results in Fig. 3 show el (2)/e0 and €*(2)/eo
are just above unity in the tail region. In contrast, the head-group
slabs in our model have an anisotropic permittivity, with in-plane

and out-of-plane components, respectively, denoted sﬂ and €. The
three-slab model accordingly captures key electrostatic features of
the membrane.

DETERMINING MODEL PARAMETERS

Our model is defined by the parameters &, oy, e}ul, eﬁ, and oy,.
We assume the membrane thickness 0, := 2(8¢ + 0y ) is known a
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TABLE I. Three-slab model parameters for DPPC and DOPC bilayers, calculated
from Egs. (8)—(11) with E;=20 mV/nm. The bilayers are at 323 and 298 K, respec-
tively, and so are in the fluid phase; see the supplementary material for simulation
parameters.

8 (nm) & (nm) eﬂ (e0) € (e)  on (e/nm?)
DPPC 1.1 1.1 160 16 0.034
DOPC 1.0 1.1 170 9.2 0.029

priori, either from standard methods™ or as described in the fol-

lowing. In what follows, the independent parameters Jp, eﬂ, €,
and oy, are solved for by equating relevant features from MD sim-
ulations with their three-slab counterparts. We thus obtain the
three-slab parameters of DPPC and DOPC bilayers, as presented in
Table L.

We first consider the membrane at zero external field, for which
both (P;(z))o and (¢(2))o are nontrivial. Since {P; ), is an odd func-
tion of z, we choose to capture its integral from the bilayer midplane
(atz = 0) to the top of the MD unit cell (at z = £/2). As there is no free
charge in the system, (¢"(z))o = (P,'(2))o/€0 and (supplementary
material)

0o

(9(0))y - (6(¢/2)) (8)

07 T
The left-hand side of Eq. (8) is the so-called dipole potential and
is calculated from MD simulations, while the right-hand side is in
terms of three-slab parameters. In this way, the three-slab model
captures key features of the zero-field membrane, as shown in
Figs. 1(c) and 2(b).

Next, the membrane response to electric fields is investi-
gated. For an in-plane field with magnitude E!, we equate the
integral of the in-plane polarization density—or, equivalently, the
in-plane permittivity—in the three-slab and MD scenarios. Intro-
ducing 8, := £/2 — &, — &, as the height of the water layer above (or
below) the membrane and e, as the water permittivity, we obtain
(supplementary material)

¢/2
f el () dz = 8eeo + Sheﬂ + Owew. (9)
0

Figure 3(a) compares €l with its three-slab counterpart. If instead
the field is orthogonal to the membrane, for which E = Ee,, the
out-of-plane polarization density is altered from the zero-field sce-
nario. Since the integral of the latter is accounted for in Eq. (8), we
now equate the integral of the change in polarization density in MD
simulations and the three-slab model, which yields (supplementary
material)

2

f (AP:(2))z, dz

_ On(ep — o) + Ow(ew — )€y [ew
E.(¢)2) N '

e (3 /€0 + S et + Oue) (10)

With Egs. (8)-(10), we account for the membrane’s zero-field
polarization as well as its change in polarization due to parallel
and perpendicular electric fields. One additional relation is needed
to solve for the three-slab parameters. We choose to compare the
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first moment of (AP;(z)); in MD simulations with its three-slab
counterpart, for which (supplementary material)

£/2

e,
E.(¢]2)

~ (82 +28:8n) (e — €0) + i(@z ~85) (ew — €0)ei [ew
- 2e; (8¢/€0 + On/ep + Ow/ew) '

(11)

In a multipole expansion of the electric potential resulting from
the upper bilayer leaflet (0 < z < ¢/2), Eq. (10) captures the dipole
moment resulting from E,, while Eq. (11) captures the induced
quadrupole moment. We thus have four Egs. (8)-(11) involving
the four independent parameters of the three-slab model. In the
supplementary material, we examine how three-slab parameters are
modified when Eq. (11) is replaced by a related constraint.

Recall that at the outset, the membrane thickness dm was
assumed to be known. For a DPPC bilayer, standard definitions
based on atomic positions® vyield a thickness of 3.9-4.2 nm. In
contrast, the electrostatic influence of the membrane suggests a
thickness closer to 5 nm, as seen in Figs. 1-3. In an effort to
bridge these perspectives, we define the membrane-water interface
as where d%¢l (z)/dz? = 0 in the MD data—for which & ~ 4.4 nm.
In the supplementary material, we verify that the three-slab results
remain valid for different definitions of 6.

RESULTS AND DISCUSSION

Three-slab model parameters for DPPC and DOPC bilay-
ers are presented in Table 1. Within each leaflet, the widths

of the head-group and tail slabs are comparable. Moreover,

€ < €w < eﬂ and the in-plane and out-of-plane permittivities differ

by an order of magnitude in the head-group slabs. To relate three-
slab parameters with experimental measurements, we calculate the
membrane capacitance per unit area as Cp, := (28¢/€o + 20 /et ) ™"
~ 0.4 uF/cm® for both DPPC and DOPC—in reasonable agreement
with experiments.” “***> One can then define an effective out-of-
plane membrane permittivity as €p, := mCm ~ 26, which is again
consistent with experimental values." ® However, we reiterate that
the membrane should not be described as a single dielectric slab of
constant, scalar permittivity.

To test the robustness of the model, its features are compared to
MD results in Figs. 1-4 (for DPPC) and the supplementary material
(for DOPC). As expected, the zero-field MD results in Figs. 1(c)
and 2(b) are only approximately captured by our coarse-grained
model—in which properties are uniform across each slab. Impor-
tantly, despite e (z) diverging at microscopic scales, the three-slab
model captures the overall change in potential and out-of-plane
polarization density due to an out-of-plane electric field (see Fig. 4).
Here, the three-slab parameters are obtained via Egs. (8)-(11) when
E, = 20 mV/nm in MD simulations, while the data in Fig. 4 are gen-
erated with a field of magnitude 70 mV/nm. We thus confirm that
for out-of-plane fields, each slab in our model can be treated as a
linear dielectric material at least until £, = 70 mV/nm. In contrast,
the in-plane MD analysis shown in Fig. 3(a) reveals the in-plane
response is linear for fields with magnitude 30 mV/nm or less. As
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FIG. 4. Change in electric potential (a) and out-of-plane polarization density (b)
of a DPPC bilayer due to an electric field E = E,e,. The three-slab parameters
(see Table |) are obtained with E; = 20 mV/nm and well-approximate the results

here, for which £, = 70 mV//nm. (a) The model captures the MD response, with
(AE;) := —(A¢’(z)) largely confined to the tail region. (b) The change in polar-
ization is predominantly in the head-group regions and surrounding water and is
reasonably described by the model.

the three-slab model incorporates data from ¢! (z) via Eq. (9), it is
similarly limited for in-plane fields.

CONCLUSIONS

In this Communication, we developed a model for the dielec-
tric permittivity of a lipid membrane, in which a bilayer is treated
as three dielectric slabs. The central slab represents the oily mem-
brane interior and has vacuum permittivity. Outer slabs model the
phospholipid heads and have anisotropic permittivities and intrin-
sic polarization densities. We calculated a physically meaningful
macroscopic permittivity ¢ in the head-group region, despite the
divergence of ¢*(z) there, by averaging microscopic features over
slab thicknesses. With all-atom MD simulations, we verified that the
three-slab model captures zero-field membrane properties and the
average bilayer response to electric fields. The three-slab membrane
capacitance was also shown to be consistent with experiments.

Since our model involves only a few parameters, it
can be incorporated into continuum theories of membrane
electromechanics.”'* Doing so could shed light on bilayer
ﬂexoelectricityf” * as well as electric field-induced vesicle
deformations*' and phase transition modifications.”> Before
investigating such complex phenomena, it would be natural to first
extend the three-slab model to biologically relevant systems with
ions in the surrounding fluid and multiple phospholipid species,
some of which carry a net charge. One could also examine whether
the local permittivity of water near solid surfaces” " *’ can similarly
be resolved with a slab-like approach.

1

SUPPLEMENTARY MATERIAL

See the supplementary material for relevant equations, MD
protocols, and further simulation results. The supplementary
material additionally cites Refs. 43-49.
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