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We analyze the nonequilibrium shape fluctuations of giant unilamellar vesicles encapsulating motile
bacteria. Owing to bacteria-membrane collisions, we experimentally observe a significant increase in the
magnitude of membrane fluctuations at low wave numbers, compared to the well-known thermal
fluctuation spectrum. We interrogate these results by numerically simulating membrane height fluctuations
via a modified Langevin equation, which includes bacteria-membrane contact forces. Taking advantage of
the lengthscale and timescale separation of these contact forces and thermal noise, we further corroborate
our results with an approximate theoretical solution to the dynamical membrane equations. Our theory and
simulations demonstrate excellent agreement with nonequilibrium fluctuations observed in experiments.
Moreover, our theory reveals that the fluctuation-dissipation theorem is not broken by the bacteria; rather,
membrane fluctuations can be decomposed into thermal and active components.
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Biological lipid membranes make up the boundary of the
cell and act as a dynamic barrier between the cell’s internal
contents and extracellular environment. Such membranes
are acted upon by a variety of so-called active forces—
including those from transmembrane protein pumps [1,2]
and the underlying cytoskeleton [3,4]. There have been
considerable experimental [5,6] and theoretical [7–19]
efforts to show how active forces from transmembrane
proteins and the cytoskeleton cause membrane fluctuations
to deviate from the well-known equilibrium result, with a
particular emphasis on the membranes of red blood cells
[20–25]. More recently, there has been growing interest in
analyzing the behavior of self-propelled active colloids
enclosed within membrane vesicles [26–30], as such
systems can serve as a useful minimal model of the cell.
In this Letter, we experimentally and theoretically study

the membrane shape fluctuations induced by motile bac-
teria enclosed within giant unilamellar vesicles (GUVs).
A schematic of our experimental system, as well as
fluorescence microscopy images involving motile and
nonmotile bacteria, are shown in Fig. 1; see also Videos
S1–S5 in the Supplemental Material [31]. We observe
motile, micron-sized bacteria pushing against their elastic
membrane container and causing large deformations until
they reorient after ∼0.5 seconds and swim in another
direction. As shown by the filled brown (passive) and
open black (active) circles in Fig. 2, as well as Fig. 1 of the
Supplemental Material [31], the bacteria cause a significant
change in the distribution of membrane deflections and the
corresponding fluctuation spectrum. Due to the separation
in lengthscales and timescales of bacteria-membrane con-
tact and equilibrium fluctuations, our active fluctuation
spectrum only deviates from its passive counterpart at small

wave numbers. Figure 2 also presents our main quantitative
result, as we find excellent agreement between experiments
(circles), simulations (triangles), and analytical theory
(curves). We now provide a brief summary of the exper-
imental protocol used to construct the “active vesicles” of
Fig. 1 before describing the simulations and analytical
theory used to generate Fig. 2.
Experiments.—A modified electroformation protocol

[36,37] was used to encapsulate Bacillus subtilis PY79
inside GUVs. A 4 mg=mL stock solution of 99.5% 1,2-
dioleoyl-sn-glycero-3-phosphocholine (DOPC) and 0.5%

FIG. 1. Giant unilamellar vesicle (GUV) containing motile
Bacillus subtilis PY79. The schematic shows how the three-
dimensional system (a) is imaged at a single equatorial cross
section (b) to generate the experimental images in (c)–(f). The
dashed blue outline in (c) shows the undeformed spherical shape
of the membrane when bacteria are non-motile, while (d)–(f)
show how motile bacteria (dotted red outlines) generate large
membrane deformations at different times.
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L-α-phosphatidylethanolamine-N-lissamine rhodamine B
sulfonyl (Egg Liss Rhod PE) dissolved in chloroform
was spin-coated onto indium tin oxide (ITO) coated glass
slides with surface resistivity of ∼50–100 Ω=sq. Luria
broth nutrient medium was placed between the ITO slides
with a spacer and connected to a wave function generator.
After 75–90 minutes of a square wave with 1 Vpp at 10 Hz,
a small volume of a dense suspension of an overnight
culture of PY79 was added between the ITO slides and set
aside in the absence of voltage for 10–15 minutes with the
lipid-coated ITO slide facing down. Finally, we applied
20 minutes of a square wave with 0.3 Vpp at 2 Hz. The
suspension was imaged on an inverted widefield fluores-
cence microscope at 30 °C.
Prior to electroformation, the bacteria are not highly

motile, as the overnight culture is in a stationary growth
phase. During electroformation, however, B. subtilis is
introduced into the chamber with fresh nutrient medium;
the bacteria becomemotile after∼30 min [38]. Immediately
after electroformation, we identify and image a vesicle
containing several nonmotile bacteria to measure the
undeformed vesicle radius and the membrane height
fluctuations—which correspond to those of a vesicle with-
out bacteria, andwhichwe refer to as a “passivevesicle” [see
Fig. 1(c)]. Once the bacteria becomemotile, we measure the
membrane fluctuations of the same vesicle [39]. In this way,
we are able to directly compare passive and activemembrane
fluctuations of a single vesicle both visually [Figs. 1(c)–1(f)
andVideos S1–S5 in the SupplementalMaterial [31] ] and in
Fourier space (Fig. 2, filled brown and open black circles).
We analyze the membrane fluctuation spectra of passive and

active vesicles using standardmethods [40–42], inwhichwe
have removed the m ¼ 1 mode due to experimental diffi-
culties in locating the center of the vesicle [43]. We note that
experimental data at large wave numbers level off due to
limitations in the camera resolution, whereas our simula-
tions (described subsequently) capture the full spectrum.
Moreover, aswe are experimentally capturing fluctuations at
only a single cross section of the membrane vesicle (see
Fig. 1), when computing the Fourier spectrum we are
implicitly averaging over one of the two independent
Fourier modes [40].
Development of the theory.—We have so far experimen-

tally demonstrated how active particles, in this case B.
subtilis, cause dramatic changes to the fluctuation spectrum
of the surrounding lipid membrane. However, the physics
underlying such interactions remains unclear. In particular,
while other works have considered active forces arising
from transmembrane proteins [7–16] or simulated active
particles in vesicles [26–29], there is no theoretical descrip-
tion of our experimental results. Thus, to better understand
our experimental system, we both theoretically and numeri-
cally model membrane fluctuations in the presence of active
particles. Both of these developments rely on the so-called
Monge parametrization of the membrane [44], which treats
the membrane as a nearly flat plane with small height
perturbations, to avoid the complex equations describing a
perturbed spherical membrane [45]. Despite this rather
severe simplification, the agreement between our experi-
ments, simulations, and theory in the absence of any fitting
parameters indicates our simple model captures the essential
physics of particle-membrane contact.
In thermal equilibrium, the height fluctuations of a

nearly planar membrane described by a Helfrich [46–48]
Hamiltonian H ¼ 1

2

R
κð∇2hÞ2 þ λð∇hÞ2dxdy are given by

hjĥðkÞj2ipas ¼ kBT=ðκk4 þ λk2Þ, where k ¼ ðkx; kyÞ is the
wave vector conjugate to position x ¼ ðx; yÞ, kBT is the
thermal energy, κ is the membrane bending modulus, and λ
is the surface tension (κ and λ are assumed to be constant).
In our experiments, however, the vesicles are only imaged
at a single cross section (Fig. 1). Thus, to compare
experiments and theory, we average the theoretical fluc-
tuation spectrum over ky modes to find hjĥðkxÞj2ipas ¼
½k−1x − ðk2x þ λ=κÞ−1=2� kBT=ð2λÞ; details are provided in
the Supplemental Material [31]. As shown in Fig. 2, passive
experimental data (brown circles) agree with the theoretical
prediction, hjĥðkxÞj2ipas, for the choice κ ¼ 14.3kBT and
λ ¼ 4 × 10−3 pN=nm (blue curve). We fixed these param-
eters in all of our active membrane calculations, and
additionally found our numerical and theoretical active
results are insensitive to our choice of κ and λ [31].
Equilibrium techniques cannot describe active vesicle

fluctuations due to the presence of nonconservative
contact forces, so we turn to a dynamical membrane
description. The Langevin equation governing membrane
shape changes is given by [12,17,49]

FIG. 2. Membrane height fluctuations, hjĥðkxÞj2i, for passive
(brown, blue) and active (black, red) vesicles, as a function of the
mode m ¼ kxR0. Results are shown from experiments (circles),
numerical simulations [triangles, see Eq. (3)], and analytical
theory [lines, see Eq. (6)]. Both simulations and theory show
excellent agreement with experiments, in the absence of any
fitting parameters.

PHYSICAL REVIEW LETTERS 124, 158102 (2020)

158102-2



∂hðx; tÞ
∂t ¼ ηðx; tÞ þ

Z
dx0½Λðx − x0Þptotðx0; tÞ�; ð1Þ

where h is the membrane height, η is Gaussian white noise
satisfying the fluctuation-dissipation theorem, Λðx − x0Þ ≔
ð8πμjx − x0jÞ−1 is the ez ⊗ ez component of the Oseen
tensor for a Newtonian fluid with viscosity μ, and −ptotez is
the total force per area exerted on the membrane by the
surrounding fluid. In this case, ptot ¼ pint þ pact, where
the internal membrane force per area pint ≔ −δH=δh ¼
−κ∇4hþ λ∇2h, and pact is the force per area due to active
particles (see the Supplemental Material [31] for details).
To approximate pact, we model the bacteria as self-

propelled particles of half-width a which randomly collide
with the membrane vesicle. For Nc total collisions between
the various bacteria and the membrane, where the jth
collision occurs at location xj and time tj, the active force
per area on the membrane at location x and time t is
given by

pactðx; tÞ ¼
XNc

j¼1

p̄ϕðt; tjÞ exp
�
−
ðx − xjÞ2

2a2

�
: ð2Þ

In Eq. (2), p̄ is the maximum pressure the bacteria exerts on
the membrane, which we estimate to be equal to the
pressure exerted by a membrane on a spherical particle
of radius a, p̄ ≈ 2λ=a. Furthermore, as shown in Fig. 3,
ϕðt; tjÞ is a modified step function centered at time tj which
captures the temporal nature of the collision. In choosing ϕ,
we approximated a bacterium as initially traveling at
velocity U0 towards the membrane, coming to rest due
to elastic membrane forces, and remaining there for
reorientation time τR before swimming back into the
interior of the vesicle. Finally, the exponential term in
Eq. (2) is a simple model of the finite size of the particle,
which spreads the contact force over a portion of the
membrane and is amenable to numerical computation.
At this point, we highlight that all details of the bacteria-

membrane interactions are modeled through p̄, ϕðt; tjÞ, and

the exponential spreading of the contact force, such that
Eq. (2) contains the main difference between the present
work and other theoretical developments of active mem-
branes [7–19]. In particular, when active forces arise from
membrane-protein interactions, there is no length or time-
scale separation between active and thermal forces. As a
result, the nonequilibrium fluctuation spectrum can often
be obtained by renormalizing the temperature [5–9,12,18].
In our case, however, bacteria-membrane interactions are
much slower than equilibrium fluctuations, as captured by
ϕ, and are spread over much larger distances, as captured
by the Gaussian in Eq. (2). Note that in our model, for
simplicity we neglect the complex hydrodynamic inter-
actions between bacteria and membrane, as well as any
permeability effects from fluid passing through the mem-
brane. As experimental investigations found a rapidly
decaying flow field for bacteria close to surfaces [50],
we simply choose to capture all bacteria-membrane inter-
actions in the active pressure term pact.
Numerical solution.—Using standard techniques

[12,17,49], we take the Fourier transform of Eq. (1) and
recognize the Fourier modes are independent. For each
wave vector k ¼ ðm; nÞ=R0, where m; n ∈ Z and R0 is the
unperturbed vesicle radius, the corresponding evolution
equation is given by [31]

∂ĥðk; tÞ
∂t ¼ −ωðkÞĥðk; tÞ þ η̂ðk; tÞ þ LΛ̂ðkÞp̂actðk; tÞ: ð3Þ

In Eq. (3), ωðkÞ ≔ ðκk3 þ λkÞ=ð4μÞ is the relaxation
frequency of mode k, L ¼ 2πR0 is the length of the planar
membrane patch, Λ̂ðkÞ ¼ ð4μkLÞ−1 is the Fourier trans-
form of ΛðxÞ, and p̂actðk; tÞ is the Fourier transform of the
active force per area (2). The last term in Eq. (3) is given by

LΛ̂ðkÞp̂act ¼
XNc

j¼1

a2p̄
4 μkR0

ϕðt; tjÞexp
�
−ixj ·k−

a2k2

2

�
: ð4Þ

We discretize the height evolution equation (3) as shown
in the Supplemental Material [31] and compute ĥðk; tÞ for
all k, from which we calculate the height fluctuations. After
integrating over ky, we plot our simulation results as the
triangles in Fig. 2 for the passive (filled blue) and active
(open red) cases. Passive results were calculated by setting
p̂act ¼ 0 in Eq. (3). While such techniques are known to
attain the passive fluctuation spectrum [12,17,49], we see
excellent agreement between active experiments and sim-
ulations as well [51]. Furthermore, there are no fitting
parameters in our development: κ and λ are found from the
membrane fluctuations before bacteria become motile,
the viscosity μ of the fluid is known, R0 ¼ 4 μm is the
undeformed vesicle radius, the bacteria have a reorientation
time τR ≈ 0.5 sec, and a ¼ 0.25 μm is half the average
width of a bacterium.

FIG. 3. Temporal nature of the bacteria-vesicle collisions.
(a) Magnitude of the radial deflection of the vesicle at a single
location, in a single experiment, as a function of time. The
trapezoid shape is characteristic of a bacteria pushing against the
membrane for reorientation time τR; smaller peaks indicate a
bacteria sliding along the membrane surface. (b) Numerical
approximation of a head-on collision’s temporal component,
called ϕðt; tjÞ. The modified step function is centered at the
collision time tj.
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Analytical solution.—To develop an analytical expres-
sion for the active membrane fluctuation spectrum, we first
consider Eqs. (3) and (4) for a vesicle containing a single
active particle. By approximating ϕðt; tjÞ as being either
0 or 1 [see Fig. 3(b)], the membrane is either fully separated
from (ϕ ¼ 0) or fully in contact with (ϕ ¼ 1) the bacterium.
When there is no contact, the membrane feels thermal
perturbations, such that its height fluctuations are given
by the passive result. If there is contact (denoted with a
subscript “c”), the membrane again feels thermal perturba-
tions, but this time oscillates about some nonzero value—
which we denote h̄ðkÞ. In this case, as the timescales of the
two processes are separated and the thermal background is
independent of the active forces, the height fluctuations are
given by hjĥðkÞj2ic ¼ hjĥðkÞj2ipas þ jh̄ðkÞj2. We assume a
single bacterium spends reorientation time τR in contactwith
the membrane, then travels for time τT in the interior of the
vesicle, and repeats. Thus, for a single particle, hjĥðkÞj2i ¼
hjĥðkÞj2ipas þ jh̄ðkÞj2τR=ðτR þ τTÞ. When there are Np

particles in the vesicle, we assume they are noninteracting,
such that the membrane height fluctuations are given by

hjĥðkÞj2i ¼ kBT
κk4 þ λk2

þ NpτR
τR þ τT

jh̄ðkÞj2: ð5Þ

Thus, by determining jh̄ðkÞj2, we determine the membrane
fluctuation spectrum of a bacteria-containing lipid mem-
brane vesicle.
To calculate h̄ðkÞ, we average Eq. (3) in time for the case

of a single bacterium, when there is contact (ϕ ¼ 1). The
time derivative and thermal noise terms average to zero, and
h̄ðkÞ is the average value of ĥðk; tÞ. Thus, by solving for
h̄ðkÞ and substituting into Eq. (5), we obtain

hjĥðkÞj2i¼ kBT
κk4þλk2

þ NpτR
τT þ τR

�
a2p̄=R0

κk4þλk2

�
2

e−a
2k2 : ð6Þ

Equation (6) is our main theoretical result. As shown by the
dotted red curve in Fig. 2, Eq. (6) demonstrates excellent
agreement with the experiments and active simulations—
again without any fitting parameters. Here, the membrane
contains Np ≈ 7 bacteria, and we estimate τT ≈ 2R0=U0 ≈
0.5 sec as the time for a bacterium to travel the vesicle
diameter, moving at speedU0 ≈ 15 μm= sec.We believe our
simulations and theory consistently overpredict experimental
results becausewe neglect bacteria-bacteria collisions within
the vesicle. Including such collisions would decrease the
number of bacteria-membrane collisions Nc in simulations
(4), and reduce the proportion of time bacteria are in contact
with the membrane in our analytical result (6), both of which
would slightly decrease the magnitude of active height
fluctuations predicted by theory and simulation.
To test the robustness of our theoretical model, we analyze

two additional active vesicles, which are different sizes and

contain different numbers of bacteria. As shown in the
Supplemental Material [31], our theory and simulations
again demonstrate excellent agreement with experiments
when R0 ≈ 8 μm and Np ≈ 10, and good agreement when
R0 ≈ 15 μm and Np ≈ 20. In the latter case with many
bacteria, there are often times whenmultiple bacteria contact
a local portion of the membrane in quick succession—thus
violating our assumption of independent bacterial collisions.
Such behavior, which is well known in the study of active
particles near surfaces [52,53], effectively converts longer
wavelength fluctuations into shorter wavelength ones, and
qualitatively changes the shape of the active fluctuation
spectrum. We recognize one measure of particle-particle
effects at thevesicle boundary is thedimensionless parameter
NpτR=ðτT þ τRÞ appearing in Eq. (6). In cases where the
agreement between experiments and theory is excellent, we
calculate NpτR=ðτT þ τRÞ ≈ 3.4 for the vesicle in Fig. 2 and
NpτR=ðτT þ τRÞ ≈ 3.2 for the 10-particle vesicle in the
Supplemental Material [31]. In the case where particle-
particle correlations become significant at the membrane,
however,NpτR=ðτT þ τRÞ ≈ 4.0—which seems to approach
the upper limit of our theory’s validity. Thus, we conclude
that our theory and simulations are valid in the low-particle
regime when NpτR=ðτT þ τRÞ ≲ 4.
Conclusions.—Equation (6) concludes our theoretical

and numerical efforts. With an analytical expression for the
membrane fluctuation spectrum which closely matches
experiments, we make several observations regarding the
physics of lipid membrane systems driven by active contact
forces. First, Eqs. (5) and (6) show the fluctuation-
dissipation theorem is not broken. Instead, thermal noise
continues to excite all height modes, while active forces
dominate small modes. Intuitively, active contact forces
only excite long wavelength modes due to the finite size of
a single bacterium, and the distribution of the contact force
over a large area. In fact, the exponential contact term in
Eq. (6) is the main difference between the present work
and those concerned with active fluctuations of trans-
membrane proteins [8,10,16]: by setting the protein time-
scale to be large in the latter, one recovers an expression
similar to Eq. (6)—however without the exponential term.
Additionally, our analytical result (6) demonstrates the active
fluctuation spectrum does not follow a power-law behavior
at low k, and for this reason we do not provide a scaling
relation in the active region of Fig. 2. Importantly, our theory
and simulations took advantage of the lengthscale and
timescale separation between active contact and equilibrium
forces, and as a result we were able to capture the essential
membrane physics using simple techniques.We note that our
theoretical prediction is robust to variations in bacterial and
membrane properties, as demonstrated by our sensitivity
analysis in the Supplemental Material [31].
We end this Letter by providing two avenues for future

directions. First, our experimental method can be easily
adapted to encapsulate different types of active particles.
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As one example, we synthesized active Janus particles as in
Ref. [54], encapsulated them in lipid membrane vesicles
using similar experimental methods, and induced them to
propel with 0.5–2.0% hydrogen peroxide (see Videos S6
and S7 in the Supplemental Material [31]). Janus particles
may also be synthesized with a thin layer of ferromagnetic
material embedded underneath the final catalytic layer [55],
such that by encapsulating them in a vesicle, one would
obtain a fully synthetic, stimuli-responsive lipid membrane
vesicle.
In addition to changing the active constituents of a

membrane vesicle, one could also investigate vesicles with
different membrane properties. In particular, electroforma-
tion results in vesicles with a wide range of physical
parameters, from which vesicles with specific properties
can be selected. Figure 4, for example, shows a vesicle with
low bending modulus κ and surface tension λ which
contains ≈12 motile B. subtilis bacteria (see Video S8 in
the Supplemental Material [31]). For this set of material
parameters, the elastic membrane restoring force cannot
balance propulsive bacterial forces, and the bacteria form
long, protruding tubes. These membrane tubes, which can
be tens of microns in length, persist until the bacteria
reorient and swim back towards the vesicle center. Bacteria-
membrane systems such as those shown in Fig. 4 may be
useful as a synthetic model of an infected mammalian cell:
several human pathogens, including Listeria and Shigella,
are known to undergo actin-based motility, deform the
cell membrane to form membrane tubes, and tunnel into
neighboring host cells [56,57]. Large membrane shape
changes beyond the linear limit have also recently been
observed in simulations and experiments [29,30,58]; in
some cases where NpτR=ðτT þ τRÞ was large, a spherical-
to-prolate vesicle shape change was observed. To model
such highly nonlinear deformations, the full membrane
equations [59] and advanced numerical methods [60] are
required.
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